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Abstract —This paper summarises a numerical study of double-diffusive natural convection in a rectangular cavity filled with a
saturated anisotropic porous medium. The side walls of the cavity are maintained at constant temperatures and concentrations, while
the horizontal walls are adiabatic and impermeable. The buoyancy forces that induce the fluid motion are assumed to be cooperative.
Numerical results are presented for 102 ≤ RT ≤ 104, 0≤ N ≤ 30, 10−5 ≤K ≤ 103, 1≤ Le≤ 10, and A = 1, where RT, N , K, Le and A
denote the thermal Rayleigh number, buoyancy ratio, permeability ratio, Lewis number and the aspect ratio. In the two extreme cases
of heat-driven (N � 1) and solute-driven (N � 1) natural convection, scale analysis is applied to predict the order of magnitudes
involved in the boundary layer regime. Also, based on the numerical results, correlations for the average Nusselt and Sherwood
numbers are proposed for the range of parameters considered in this study. It is demonstrated that the anisotropic properties of the
porous medium considerably modify the heat and mass transfer rates from that expected under isotropic conditions. The Brinkman’s
extension of Darcy’s law is also used in this study to investigate double-diffusive convection in anisotropic porous media with high
porosity.  2001 Éditions scientifiques et médicales Elsevier SAS
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Nomenclature

A aspect ratio of the cavity=H/L
D mass diffusivity
Da Darcy number=Kz/H2

g gravitational acceleration
H height of the cavity
Kx permeability alongx axis
Kz permeability alongz axis
K permeability ratio=Kx/KzSK modified permeability ratio= 1+Kcr/K

Kcr critical permeability ratio
L thickness of the cavity
Le Lewis number= α/D
N buoyancy ratio= βS1S

′/(βT1T
′)

Nu average Nusselt number, equation (10)
p pressure
RT thermal Rayleigh number
=KzgβT1T

′H/(αν)
RS solutal Rayleigh number= RTNLe

* Correspondence and reprints.
E-mail address:Rachid.Bennacer@iupgc.u-cergy.fr (R. Bennacer).

RaT thermal Rayleigh number for a fluid
= RT/Da

S dimensionless solute concentration
= (S′ − S′m)/1S′

S′m reference solute concentration at the
geometric centre of the cavity

Sh average Sherwood number, equation (11)
1S′ characteristic solute concentration

difference= S′1− S′2
T dimensionless temperature= (T ′−T ′m)/1T ′
1T ′ characteristic temperature difference
= T ′1− T ′2

u,w dimensionless velocities inx- and
z-directions= (u′,w′)H/α

x, z dimensionless Cartesian coordinates
= (x′, z′)/H

Greek symbols

α effective thermal diffusivity
βT coefficient of thermal expansion
βS coefficient of solutal expansion
δT dimensionless thickness of the thermal

boundary layer
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δS dimensionless thickness of the solute
boundary layer

µ dynamic viscosity of the fluid
µeff apparent dynamic viscosity for

Brinkman’s model
λ relative viscosity= µeff/µ

ν kinematic viscosity of the fluid
ρ density of the fluid

Superscript
′ dimensional quantities

Subscript

m reference state

1. INTRODUCTION

Natural convection through anisotropic porous media
is of considerable interest in many applications such as
in geophysics, hydrology, oil extraction and in various
industrial processes, to name but a few. Anisotropy is
generally a consequence of a preferential orientation
and/or asymmetric geometry of the grains or fibres.
Natural convection in such anisotropic porous media has
received relatively little attention despite its broad range
of applications.

Earlier studies on natural convection in saturated
anisotropic porous media have generally been confined to
the effects of anisotropy on the development of the con-
vective flow and heat transfer in a porous layer of infinite
horizontal extent heated from below. A literature review
may be found in the article of Nilsen and Storesletten [1]
as well as in the book by Nield and Bejan [2] and Ingham
and Pop [3]. Several studies have also been reported con-
cerning natural convection in vertical anisotropic porous
layers heated from the side. For instance, the case of a
square cavity filled with porous media that are both ther-
mally and hydrodynanically anisotropic has been investi-
gated analytically by Kimura et al. [4] and numerically by
Ni and Beckermann [5]. In these studies it was assumed
that the principal direction of the permeability and ther-
mal conductivities coincide with the horizontal and ver-
tical coordinate axes. It was demonstrated that the effect
of anisotropy on the flow patterns and the overall Nusselt
number was significant.

A few studies have also been concerned with aniso-
tropic media where principal axes are non-coincident
with the gravity vector. Thus, the onset of convection in
an infinite horizontal layer heated from below and cooled
from above was investigated by Tyvand and Storeslet-
ten [6], Zhang et al. [7] and Mamou et al. [8] for vari-

ous thermal boundary conditions. The critical Rayleigh
number and wave number at marginal stability were pre-
dicted in terms of the permeability ratio, the orienta-
tion angle of the principal axes and the porous layer as-
pect ratio. Convection heat transfer in a vertical cavity
heated from the side with various thermal boundary con-
ditions have been investigated by Zhang [9], Degan et
al. [10] and Degan and Vasseur [11, 12]. All these stud-
ies indicate that both the permeability ratio and inclina-
tion angle of the principal axes have a strong influence
on the flow structure and the heat transfer rate. Numer-
ical results concerning natural convection within hori-
zontal cylinders and concentric cylinders heated isother-
mally are also discussed in the book by Ingham and
Pop [3].

In all the above studies convection is induced by buoy-
ancy forces due to the variations of temperature solely.
Recently, interest for flows resulting from the combined
action of both temperature and concentration has surged
in view of its importance in various engineering prob-
lems. Despite this fact relatively little research work
has been reported concerning double-diffusive convec-
tion in a porous medium, especially when this latter
is anisotropic which is the case more often than not.
The onset of thermohaline convection in a horizontal
anisotropic porous layer has been investigated by Ty-
vand [13]. The effect of simultaneous vertical anisotropy
in permeability, thermal diffusivity and solutal diffusiv-
ity was investigated by this author. Nguyen et al. [14]
treated the problem of double-diffusive convection in an
enclosure filled with two layers of anisotropic porous
media. Recently, a numerical study was conducted by
Bera et al. [15] on thermosolutal convection within a rec-
tangular enclosure. It was found that anisotropy causes
significant changes in the Nusselt and Sherwood num-
bers.

The present paper describes the natural convection
and heat and mass transfer characteristics through a sat-
urated porous rectangular cavity, when the porous matrix
has an anisotropic property in permeability. The com-
plete system of governing equations is solved numeri-
cally and results are obtained for a large range of the
governing parameters. In the two extreme cases of heat-
driven and solute-driven natural convection correlations,
valid in the boundary layer regime, are proposed to pre-
dict the average Nusselt and Sherwood numbers. The re-
sults presented here are relevant to proper understanding
of double-diffusive natural convection characteristics in
anisotropic porous media.
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Figure 1. Schematic of the physical model and coordinate
system.

2. MATHEMATICAL FORMULATION

The system considered in this study is the rectan-
gular porous cavity shown infigure 1. The enclosure
is of heightH and width L. The porous medium is
anisotropic, the principal directions of the permeabilities
(Kx andKz) being assumed to coincide with the horizon-
tal and vertical coordinate axes. The anisotropy in flow
permeabilities of the porous medium is then characterised
by the permeability ratioK = Kx/Kz. The two vertical
walls are maintained at uniform and different tempera-
tures and concentrationsT ′1 and T ′2 (S′1 and S′2) while
the two horizontal walls are assumed adiabatic and im-
permeable. The solution that saturates the porous matrix
is modelled as a Boussinesq incompressible fluid whose
density variation can be expressed as

ρ = ρm
[
1− βT

(
T ′ − T ′m

)− βS
(
S′ − S′m

)]
(1)

where βT and βS are the thermal and concentration
expansion coefficients. Subscript m stands for a reference
state.

It is assumed that the flow is laminar and that the
cavity is long enough in the third (transverse) direction
to allow the system to be treated as a two-dimensional

rectangular cavity. Also, Soret and Dufour effects on
heat and mass diffusion are neglected. The following
nondimensional variables are introduced:

(x, y)= (x
′, y ′)
H

, p = p
′Kz
µα

(u,w)= (u
′,w′)H
α

, T = T
′ − T ′m
1T ′

Tm= T
′
1+ T ′2

2
, 1T ′ = T ′1− T ′2

S = S
′ − S′m
1S′

, Sm= S
′
1+ S′2

2

1S′ = S′1− S′2

(2)

The equations governing the conservation of mass, mo-
mentum (generalised Darcy’s law), energy and con-
stituent in the solution-saturated porous medium are, in
dimensionless form, respectively

∂u

∂x
+ ∂w
∂z
= 0 (3)

u=−K ∂p

∂x
(4)

w =−∂p
∂z
+RT(T +NS) (5)

u
∂T

∂x
+w ∂T

∂z
=∇2T (6)

u
∂S

∂x
+w ∂S

∂z
= 1

Le
∇2S (7)

The nondimensional boundary conditions over the
walls of the enclosure are:

x = 0, u= 0, T = 0.5, S = 0.5

x = 1

A
, u= 0, T =−0.5, S =−0.5

z= 0 or 1, w = 0,
∂T

∂z
= 0,

∂S

∂z
= 0

(8)

From the dimensionless equations (3)–(8) it is seen
that the present problem is governed by five dimen-
sionless parameters, namely, the thermal Rayleigh num-
berRT, the buoyancy ratioN , the Lewis numberLe, the
aspect ratioA and the permeability ratioK, defined as

RT = KzgβT1T
′H

αν
, N = βS1S

′

βT1T ′

Le= α

D
, K = Kx

Kz

A= H
L

(9)
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whereg, ν andD are the gravitational acceleration, kine-
matic viscosity of the fluid and the solute diffusivity, re-
spectively.α = k/(ρCf) is the effective thermal diffusiv-
ity in porous medium wherek is the thermal conductivity
of the saturated porous medium andρCf the heat capacity
of the fluid.

The rate of heat and solute along the vertical walls
is determined from the temperature and concentration
fields, respectively. The averageNu and Sh are defined
as follows:

Nu=−
∫ 1

0

∂T

∂x

∣∣∣∣
x=0

dz (10)

Sh=−
∫ 1

0

∂S

∂x

∣∣∣∣
x=0

dz (11)

3. SCALE ANALYSIS

The governing equations (3)–(9) indicate that, in
the general case, the quantities of interest involved in
the present problem are related to each other in a
so complicated way that it is impossible to evaluate
their orders of magnitudes by scale analysis. However,
when the buoyancy-induced fluid circulation within the
enclosure is strong enough, the flow has a boundary layer
structure consisting of a core region and two vertical
boundary layers. For this situation, for the two limiting
cases of heat-driven and solute-driven boundary layer
type natural convection, orders of magnitude estimates
can be predicted on scaling grounds as done in isotropic
problems by Bejan and Khair [16].

3.1. Heat-driven flows

In this section it is assumed that the buoyancy forces
that drive the flow are mainly due to the gradients of
temperature (N � 1). In the boundary layer regime,
most of the fluid motion is restricted to a thin layer of
thicknessδ′T and heightH (δ′T� H ). In this region the
continuity equation (3) requires the following balance:

u

δT
∼w (12)

whereδT = δ′T/H is the dimensionless thickness of the
vertical boundary layer.

Turning our attention to the momentum balance in
the same layer, the following scales are dictated from

equations (4) and (5), respectively:

u∼K 1px

δT
(13)

and

(w,1pz)∼RT (14)

where1px is the pressure change across the thermal
layer and1pz the pressure difference between the hor-
izontal boundaries.

The energy equation (6), expressing a balance be-
tween convection and conduction of heat, gives(

u

δT
,ω

)
∼
(

1

δ2
T

,1

)
(15)

Combining equations (12) and (15) and taking into
account the fact thatδT� 1 results in

w ∼ 1

δ2
T

(16)

The centrosymmetry of the cavity leads to1px/δT ∼
1pz. Substituting this result, together with equation (13),
into (14) yields (

w,
u

K

)
∼RT (17)

Combining equations (12), (16) and (17) results in(
1

δ2
T

,
1

KδT

)
∼RT (18)

From the above result it is found that whenK � δT
the thickness of the thermal boundary layer is given by
δT ∼ R−1/2

T while whenK � δT it is given by δT ∼
(KRT)

−1. At this stage it is convenient to introduce
a critical permeability ratioKcr ∼ R

−1/2
T such that,

depending on the value of the parameterK, the two
following boundary layer regimes are possible:

δT ∼R−1/2
T whenK�Kcr (19)

δT ∼ (KRT)
−1 whenK�Kcr (20)

The first regime is a fully convective regime, which
does not depend on the hydraulic anisotropy while the
second one is a moderate convective regime for which
the thickness of the thermal boundary layerδT depends
onK.

The above results are valid under the classical con-
ditions of the boundary layer regime, i.e.δT � 1 and
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δT � 1/A (distinct boundary layers). These conditions
are satisfied ifR1/2

T � 1 andR1/2
T �A, whenK �Kcr,

and ifKRT� 1 andKRT�A whenK�Kcr.

The scaling properties of the mass transfer will be now
discussed. LetδS be the dimensionless thickness of the
solutal boundary layer. Upon integrating the equation of
conservation of constituent (7) overδS it is found that

d

dz

∫ ∞
0

w(S − S∞)dx = 1

Le

∂S

∂x

∣∣∣∣
x=0

(21)

The above equation states that the vertical convective
net transport of constituent is comparable to the horizon-
tal diffusive transport of constituent. The order of magni-
tudes of this equilibrium yields

w1Sx ∼ 1

Le

1S

δS
(22)

where1S is the concentration change across the solutal
boundary layer.

In the above balance the order of magnitude ofx

can be estimated from the conditionx ∼ min (δT, δS).
Depending on the value of the Lewis number the two
following limiting situations can be considered:

(i) Le� 1 for which δS � δT: for this situation
x ∼ δS and it is readily found from equation (22) that
δS∼ Le−1/2δT. According to equations (19) and (20) it
follows that

δS∼ (LeRT)
−1/2 whenK�Kcr (23)

δS∼ (Le−1/2RT)
−1 whenK�Kcr (24)

(ii) Le� 1 for which δT � δS: for this situation
x ≈ δT and from equation (22) it follows thatδS ≈
Le−1δT such that

δS∼ Le−1R
−1/2
T whenK�Kcr (25)

δS∼ (KLeRT)
−1 whenK�Kcr (26)

where, sinceδS� δT, the solutal boundary layer thick-
ness must satisfy the conditionsδS� 1 andδS� 1/A.
Thus, it is required thatLeR1/2

T � 1 andLeR1/2
T � A

whenK�Kcr andKLeRT� 1 andKLeRT�A when
K�Kcr.

3.2. Solute-driven flows

The class of flows dominated by the buoyancy forces
which are mainly due to the gradients of concentration
(N � 1) is now considered. Since the procedure to

determine the scaling laws for this flow regime is similar
to that discussed above only the final results are presented
here.

From the governing equations (3), (4) and (7) it can be
readily demonstrated that the dimensionless thickness of
the solutal boundary layerδS is given by

δS∼R−1/2
S whenK�Kcr (27)

δS∼ (KRS)
−1 whenK�Kcr (28)

whereRS=RTNLe is the solutal Rayleigh number.

In order to determine the heat transfer scales the
boundary layer must be integrated first. Here again the
two possibilitiesδT � δS and δT � δS must be treated
separately to yield

(i) Le� 1 for whichδT ∼ Le1/2δS (i.e.δT < δS) such
that

δT ∼ Le1/2R
−1/2
S whenK�Kcr (29)

δT ∼ Le1/2(KRS)
−1 whenK�Kcr (30)

(ii) Le� 1 for which δT ∼ LeδS (i.e. δT < δS) such
that

δT ∼ LeR−1/2
S whenK �Kcr (31)

δT ∼ Le(KRS)
−1 whenK�Kcr (32)

It is noted that due to the symmetry of the gov-
erning equations (3)–(8) the above scales could have
been deduced from those obtained for the heat-driven
limit through the transformationRT→ RS, N → 1/N ,
δT→ δS, δS→ δT andLe→ 1/Le.

3.3. Heat and mass transfer scales

Results of practical interest are heat and mass trans-
fer rates. From equations (10) and (11) it is clear that the
order of magnitudes of the Nusselt and Sherwood num-
bers are given byNu∼ 1/δT andSh∼ 1/δS, respectively.
From the results obtained in the above sections the scal-
ing properties of heat and mass transfer rates can be pre-
dicted for the two following regimes:

(i) Heat-driven flows (N � 1). For this situation,
depending on the value ofK, we have the following two
possibilities:
• K�Kcr, for which

Nu∼KRT

Sh∼KLe1/2RT whenLe� 1 (33)

Sh∼KLeRT whenLe� 1

34



Double diffusive convection in a vertical enclosure

• K�Kcr, for which

Nu∼R1/2
T

Sh∼ (LeRT)
1/2 whenLe� 1 (34)

Sh∼ LeR1/2
T whenLe� 1

The above results can be combined into the following
equations:

Nu∼ R
1/2
T

K

Sh∼ (LeRT)
1/2

SK whenLe� 1 (35)

Sh∼ LeR1/2
T whenLe� 1

whereSK = (1+Kcr/K) andKcr∼R−1/2
T .

(ii) Solute-driven flows (N � 1). Similarly, it is read-
ily found that for this regime the Nusselt and Sherwood
numbers are given by

Sh∼ R
1/2
S
SK

Nu∼ Le−1R
1/2
S
SK whenLe� 1 (36)

Nu∼ Le−1/2R
1/2
S

SK whenLe� 1

4. NUMERICAL SOLUTION

In this section we present a numerical solution of
the complete governing equations (3)–(8). This solution,

which can handle both boundary layer flows and flows
without distinct boundary layers, will be used to confirm
the validity of the results of the scale analysis presented
in the preceding section.

The governing equations (3)–(8) are solved using the
control volume finite-difference method described by
Patankar [17]. The computation domain is divided into
rectangular control volumes with one grid located at the
centre of the control volume that forms a basic cell. The
set of conservation equations are integrated over the con-
trol volumes, leading to a balance equation for the fluxes
at the interface. A hybrid scheme is used to discretise the
equations, false transient procedure is used in order to
obtain permanent solution. The system of equations for-
mulated in terms of primitive variables is solved using
the tridiagonal matrix algorithm (TDMA). The pressure–
velocity coupling in the momentum equation needs iter-
ative procedure based on a pressure correction method
where SIMPLER algorithm is coupled to the SIMPLEC
algorithm (Van Doormaal and Raithby [18]), for faster
convergence.

Non-uniform grids are used in the program, allowing a
fine grid spacing near the two vertical walls. Convergence
with mesh size was verified by employing coarser and
finer grids on selected test problems. The computations
reported in this paper have been performed using more
than a 61× 61 grid. The convergence criterion is based
on both maximum error of continuity equation and the
average quadratic residual over the whole domain for
each equation. It is assumed that convergence is reached
when the maximum error is less than 10−6.

The validation of the numerical code was performed
over a large range of parameters. Typical results are pre-
sented intables I and II for the case of isotropic and

TABLE I
Present Nusselt and Sherwood numbers compared with those of Trevisan and Bejan [19]

and Goyeau et al. [20] for the case of isotropic porous media.

RT 100 200 400 1 000 2 000 Le
Present work Nu 3.11 4.96 7.77 13.48 19.89 10

Sh 13.24 19.83 29.36 48.20 69.08
Trevisan and Bejan [19] Nu 3.27 5.61 9.69 – –

Sh 15.61 23.23 30.73 – –
Goyeau et al. [20] Nu 3.11 4.96 7.77 13.47 19.90

Sh 13.25 19.86 28.41 48.32 69.29

Present work Nu – – – 13.48 19.89 100
Sh 139.93 195.37

Goyeau et al. [20] Nu – – – 13.47 19.90
Sh 140.65 196.62
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TABLE II
Present Nusselt numbers compared with those represented by Ni and Beckerman [5] for

the case of anisotropic porous media.

K =Kx/Kz 10−3 10−2 10−1 1 10 102 103

Present work 119.32 80.62 37.56 13.48 4.17 1.29 1.00
Ni and Beckermann [5] 118.72 80.34 37.37 13.41 4.17 1.30 1.01

anisotropic porous media, respectively. In general, the re-
sults are in good agreement with those of Ni and Becker-
mann [5] and Goyeau et al. [20], thereby providing vali-
dation to our simulations. However, it seems that the re-
sults proposed by Trevisan and Bejan [19] overestimate
the Nusselt and Sherwood numbers at high porous num-
ber (RT = 400).

5. RESULTS AND DISCUSSION

As was already noted above, the system considered
here is governed by five nondimensional groups, namely,
the thermal Rayleigh numberRT, buoyancy ratioN ,
Lewis numberLe, anisotropy ratioK and aspect ratioA.
Due to the abundance of parameters all the numerical
results presented here were obtained only for the case of
a square cavity (A= 1).

Figure 2(a) illustrates the effect of the permeability
ratio on the vertical velocity profile at mid-height of the
cavity for RT = 104, N = 0 andLe= 10. For a given
value ofK the numerical results indicate that the velocity
at the wall is maximum, in agreement with Darcy’s
model which allows the fluid to slip on a solid boundary,
and then drops back to zero in the core region of the
enclosure. Upon increasingK from 10−2 to 102, it is seen
from figure 2(a)that the value of the maximum velocity
(x = 0) increases from 700 to 6 200, indicating that
the convective circulation within the cavity is promoted.
This behaviour can be explained by the fact that for
a fixed value orRT (i.e. Kz) an increase inK can
be interpreted as an increase in the permeabilityKx ,
resulting in a stronger convective flow. Naturally, the
reverse is true when the value ofK is made very small.
For this reason it is observed fromfigure 2(b)that both
the Nusselt and Sherwood numbers approach the pure
diffusive regime (Nu→ 1 and Sh→ 1) when K is
made small enough. This limit is reached approximately
whenK ≈ 5·10−4 for Nu andK ≈ 5·10−5 for Sh. As
expected,Nu and Sh increase with increasingK since,
as explained above, the buoyancy-induced flow becomes
stronger withK. However, it is seen fromfigure 2(b)that
bothNu andShreach maximum values whenK ≥ 1 and

(a)

(b)

Figure 2. Effect of permeability ratio K, for A = 1, RT = 104,
N = 0 and Le= 10, on (a) vertical velocity profile at mid-height
of the cavity and (b) Nusselt and Sherwood numbers.

are independent of this parameter when this latter is made
larger. This situation corresponds to a porous medium
with an isotropic permeabilityKz.

The above results show the existence of three regimes
for the evolution of the heat and mass transfer with the
permeability ratio. Thus, we have a diffusive regime for
low values ofK, an intermediate regime for intermediate
values ofK in which both Nu and Sh increase with
increasingK and a convective regime for high values
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Figure 3. Effects of permeability ratio K and Lewis number Le
on Sherwood number for A= 1, RT = 103 and N = 0.

of K whereNu andShreach a maximum and are found
to be independent of the permeability ratio.

Figure 3displays the Sherwood number as a function
of K for various values ofLe at RT = 103 and in the
case of thermal driven flow (N = 0). For a given value of
Le the evolution ofShwith K, i.e. the existence of three
different regimes, is similar to what has been discussed
in figure 2. On the other hand, for a given value ofK,
it is seen that the mass transfer increases with the Lewis
number. This follows from the fact that an increase inLe
corresponds to a decrease in the mass diffusivity, i.e. to a
reduction in the solutal boundary layer thickness leading
to a higher Sherwood number. It is also observed from
figure 3that, asLe is increased, a smaller value ofK is
required to reach the diffusive regime. Thus, this latter is
reached forK ≈ 10−2 whenLe= 1 and forK ≈ 10−3

whenLe= 10.

The effects ofK on both Nu and Sh will be now
discussed for the case ofN = 0 for which the buoyancy
forces that drive the fluid motion are mainly due to
the gradients of temperature. In this limit, on the basis
of the scale analysis discussed before, the numerical
results obtained in this study forLe= 10 were correlated
in order to predict the influence ofRT, Le andK on
the Nusselt and Sherwood numbers. In the range of
the governing parameters investigated here the following
correlations were obtained:

Nu= 1+ 0.27SK−1R0.57
T (37)

whereSK = (1+Kcr/K) andKcr= 4.5R−0.52
T , and

Sh= 1+ 0.47SK−1(RTLe)0.51 (38)

whereKcr= 4R−0.62
T .

In the case of purely thermal natural convection it was
demonstrated by Simpkins and Blythe [21] that, in the
boundary layer regime, the heat transfer is given by

Nu= 0.51R0.51
T (39)

Equation (37) forSK = 1 (isotropic porous media)
predicts a lower mass transfer that equation (39).

In the case of double-diffusive convection in a square
cavity it was found by Goyeau et al. [20] that the mass
transfer due to purely thermal natural convection can be
predicted by the following correlation:

Sh= 0.40(RTLe)0.51 (40)

A good agreement is found between equations (38)
and (40) whenSK = 1, i.e. for isotropic porous media.

The effects of varying the thermal Rayleigh number
and permeability ratio on the heat and mass transfer,
Nu and Sh, are illustrated infigure 4 for N = 0 and
Le= 10. The solid symbols in these graphs are the results
of the numerical simulation and are seen to be in good
agreement with the correlations (37) and (38). These
correlations are observed to predict accurately the three
different regimes discussed before despite the large range
of parameters cover infigure 4.

In the limit N →∞, for which the buoyancy forces
that drive the flow are mainly due to gradients of solute,
the numerical results obtained in this study were also
correlated to yield

Sh= 1+ 1.26SK−1R0.42
S (41)

whereKcr=R−0.42
S .

For an isotropic porous medium (SK = 1) the following
correlation, valid in the boundary layer regime, was
proposed by Goyeau et al. [20]:

Sh= 0.75R0.46
S (42)

Figure 5shows a comparison between equations (41)
and (36) and the numerical results obtained forRT = 103,
Le= 10 andN = 0, 10, 20 and 30. For completeness
the results obtained infigure 3(b) for N = 0 are also
presented in this graph. Here again it is observed that
the correlation proposed in this study to predict the
mass transfer in the solute-driven flow limit is in good
agreement with the numerical results.

All the above results were obtained by modelling
the momentum equation in the porous medium using
Darcy’s law. For isotropic porous media it has been
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(a)

(b)

Figure 4. Effects of permeability ratio K and Rayleigh number
RT, for N = 0, Le= 10, on (a) Nusselt number and (b) Sherwood
number.

demonstrated in the past by many authors (see, for
instance, Tong and Subramanian [22] and Vasseur and
Robillard [23]), that Darcy’s law is, indeed, a good
approximation for low-porosity media; i.e. when the
Darcy numberDa based on the height of the porous
medium is less than approximately 10−3. However, for
higher values ofDa, Darcy’s model may overpredict
the flow rate, because it cannot account for the no-
slip boundary condition on rigid boundaries. To consider
the boundary effect, which may become important in
porous media with high porosities, Brinkman’s extension
of Darcy’s law should be used. Recently the Brinkman-
extended Darcy model has been considered by Degan
and Vasseur [12] to study natural convection heat transfer
in a vertical anisotropic porous layer and by Goyeau et

Figure 5. Effects of permeability ratio K and buoyancy ratio N ,
for RT = 103 and Le= 10, on Sherwood number.

al. [20] to study double-diffusive convection in confined
isotropic porous media. However, no results are available
concerning the influence of the Darcy number on double-
diffusive convection in a cavity filled with an anisotropic
porous medium.

In terms of the nondimensional variables, equation (2),
the Darcy–Brinkman formulation of the momentum equa-
tion can be written as follows (see, for instance, [23]):

u=−K
[
∂p

∂z
+Daλ∇2u

]
(43)

w =−∂p
∂x
+RT(T +NS)+Daλ∇2w (44)

where Da = Kz/H
2 is the Darcy number based on

permeabilityKz andλ= µeff/µ is the relative viscosity.
In the present study the value of the apparent dynamic
viscosityµeff is taken, as a first approximation, equal toµ
(i.e.λ= 1).

The fluid, in the Darcy–Brinkman formulation, is
required to satisfy the no-slip boundary condition on
rigid boundaries. Thus, the nondimensional boundary
conditions over the walls of the enclosure are now given
by

x = 0, u=w = 0, T = 0.5, S = 0.5

x = 1

A
, u=w = 0, T =−0.5, S =−0.5

z= 0 or 1, u=w = 0,
∂T

∂z
= 0,

∂S

∂z
= 0

(45)

The solution of the governing equations (3), (6), (7),
(43) and (44), under boundary conditions (45), was ob-
tained using the numerical procedure described before.
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Figure 6. Streamlines (left), isotherms (centre) and constant-concentration lines (right), for RT = 104, N = 0, Le= 10 and K = 103,
for (a) Da= 10−7, (b) Da= 10−2 and (c) Da= 102.

Figure 6 illustrates typical numerical results for the
flow (left), temperature (centre) and concentration (right)
fields forRT = 104, K = 103, Le= 10,N = 0 and var-
ious values ofDa. For each map offigure 6, the in-
crements between adjacent streamlines, isotherms and
isoconcentrates are1φ = (φmax− φmin)/20, whereφ
stands forψ , T andS, respectively.Figure 6(a)shows

the results obtained forDa = 10−5. A clockwise ro-
tating cell fills up the entire cavity with hydrodynamic
boundary layers along the vertical walls and a motionless
core region. The temperature field indicates the existence
of thermal boundary layers along the vertical isother-
mal walls, the temperature variation being large in these
boundary regions. It is also noticed that the temperature
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in the core of the cavity is nearly constant in the hori-
zontal direction and varies almost linearly in the vertical
direction. The isoconcentrate field, on the other hand, in-
dicates that the concentration boundary layer is sharper
than the thermal boundary layer. Also, the concentration
field in the core of the cavity is noted to be almost uni-
form. This is due to the relatively high Lewis number
considered here for which the mass diffusivity is con-
siderably lower than the thermal diffusivity (Le= 10).
These results are qualitatively similar to those reported in
the literature on the basis of Darcy’s law, for low-porosity
media, i.e. whenDa is small enough such that the viscous
terms, which are responsible for the boundary effects, are
negligibly small. As the Darcy number is increased, the
boundary frictional resistance becomes progressively sig-
nificant and adds to the bulk frictional drag induced by
the solid matrix to slow the convection motion. Indeed,
it is seen fromfigure 6 that the strength of the overall
convective flow becomes weaker and weaker as the value
of Da is made larger. For instance, the maximum stream
function drops fromψmax= 81.34 toψmax= 0.18 as the
value of the Darcy number is increased fromDa= 10−5

to Da= 102. It is noted that the flow pattern illustrated
in figure 6(c), for which Da= 102, corresponds approx-
imately to that of a pure fluid. For this situation the rel-
evant thermal Rayleigh numberRaT = gβT1T

′H 3/(αν)

is given byRaT =RT/Da= 10 which is relatively small.
For this reason, convection is very weak and the heat and
mass transfer across the cavity are almost purely diffusive
as indicated by the nearly vertical isotherms and isocon-
centrates offigure 6(c).

Figure 7 shows the effect of varying the Darcy num-
berDa and permeability ratioK on bothNu andSh for
RT = 104, N = 0 andLe= 10. The results predicted by
Darcy’s law, equations (35)–(36), are indicated as dot-
ted lines for comparison. As expected, when the Darcy
number is small enough (Da≤ 10−7) the numerical re-
sults obtained with the Brinkman model are in agreement
with Darcy’s law. Upon increasing the permeability of
the porous medium (i.e.Da) it is seen fromfigure 7 that
both the Nusselt and Sherwood numbers drop consider-
ably and become less and less affected byK. This behav-
iour results from the fact that, as the permeability of the
porous mediumDa is increased, the boundary frictional
resistance becomes gradually more important and adds
to the bulk frictional drag induced by the solid matrix to
slow down the flow circulation within the cavity. When
Da is high enough, i.e. when the resistance resulting from
the boundary effects is predominant with respect to that
due to the porous matrix, the present solution approaches
that for a pure viscous fluid, in the absence of inertia ef-
fects, and the anisotropy of the porous medium becomes

(a)

(b)

Figure 7. Effects of permeability ratio K and Darcy number
Da, for RT = 104, N = 0 and Le= 10 on (a) Nusselt number and
(b) Sherwood number.

almost negligible. Similar results have been reported by
Degan and Vasseur [12] while considering thermal con-
vection in a vertical anisotropic porous layer on the basis
of the Brinkman-extended Darcy model.

6. CONCLUSIONS

A study has been made of double-diffusive natural
convection in a square porous cavity with horizontally co-
operating imposed temperature and concentration gradi-
ents. The porous medium is assumed to be hydrodynam-
ically anisotropic with the principal axes of anisotropic
permeability aligned with the gravity vector. Scale analy-
sis is applied to the two extreme cases of heat-driven and
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solute-driven natural convection. Correlations for the av-
erage Nusselt and Sherwood numbers, based on numer-
ical results obtained by solving the complete governing
equations, are proposed. These numerical results indicate
the existence of three regimes, namely, a diffusive one
for low values ofK, a transition regime whenNu andSh
increase as the value ofK is made larger and an asymp-
totic regime whereNu andShbecome independent ofK
and reach constant values as the value ofK is made large
enough. The transition between the different regimes de-
pends on the thermal Rayleigh numberRT, buoyancy ra-
tio N and the Lewis numberLe. The correlations pro-
posed in this study are found to be in good agreement
with the numerical results and this for a large range of
the governing parameters.

The boundary effects, which are expected to be impor-
tant in porous media with high porosities, have also been
investigated in this study on the basis of the Brinkman-
extended Darcy model. The numerical results indicate
that whenDa is small enough the above results, obtained
on the basis of Darcy’s law, are valid. For intermediate
values ofDa the boundary frictional resistance becomes
gradually important and slows down the convective mo-
tion. As a result, the effects of the anisotropic permeabil-
ity of the porous medium on the convection heat transfer
become less and less important.
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